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LANGLANDS PROGRAM AND
RAMANUJAN CONJECTURE: A SURVEY
LUIS ALBERTO LOMELI´
Abstract. We present topics in the Langlands Program to graduate students
and a wider mathematically mature audience. We study both global and
local aspects in characteristic zero as well as characteristic p. We look at
modern approaches to the generalized Ramanujan conjecture, which is an open
problem over number fields, and present known cases over function fields.
In particular, we study automorphic L-functions via the Langlands-Shahidi
method. Hopefully, our approach to the Langlands Program can help guide
the interested reader into an exciting field of mathematical research.
Introduction
Langlands’ functoriality conjectures encompass a vast generalization of classical
reciprocity laws that provide crossroads between Number Theory and Representa-
tion Theory. We let G be a connected reductive group and Γ a certain subgroup.
With the aid of Einsenstein series, Langlands made the important connection be-
tween the theory of Automorphic Forms and Representation Theory. Namely, an
automorphic representation occurs as an irreducible constituent of the right regular
action on the L 2-space of complex valued functions
L
2(Γ\G) = L 2(Γ\G)disc ⊕L
2(Γ\G)cont,
decomposed into discrete and continuous spectra. Initially, the group G was taken
to be defined over the real numbers R, yet we are able to study the spectral de-
composition in the general setting of the ring of ade`les over a global field k [65, 79].
That is, k is either a finite extension of the rational numbers Q (a number filed)
or a finite separable extension of the field of functions for the projective line P1
defined over the finite field Fq (a function field).
Ubiquitous in modern number theory is the case of G = SL2(R), with its prin-
cipal congruence subgroup Γ = SL2(Z). Modular forms find themselves inside the
discrete spectrum L 2(Γ\G)disc. Of particular importance in the theory is Ramanu-
jan’s weight 12 modular form
∆(z) = q
∞∏
n=1
(1 − qn)24 =
∞∑
n=1
τ(n)qn,
where q = exp(2πiz) and z is a variable in the hyperbolic upper half plane h. The
coefficients τ(n) appearing in the Fourier expansion of ∆(z) give Ramanujan’s τ -
function. It is a multiplicative function, i.e., τ(mn) = τ(m)τ(n) if (m,n) = 1, and
it satisfies the recursive relation on primes:
τ(pn+1) = τ(p)τ(pn)− p11τ(pn−1).
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The original Ramanujan Conjecture states that
|τ(p)| ≤ 2p
11
2 ,
and was proved by Deligne as a consequence of his work on the Weil conjectures [26].
He proved it for modular forms, which is also known as the Ramanujan-Petersson
conjecture. The Ramanujan conjecture generalizes to automorphic representations,
which we study in this article.
Given a a global field k, its ring of ade`les Ak has the correct topology in order
for us to do Fourier analysis. Namely, it is a restricted direct product taken over all
of the completions over the primes of k, in addition to the arquimedean valuations,
giving us that Ak is a locally compact abelian group. If we let G = GL1(Ak)
and Γ = k×, an automorphic representation in this setting is a Gro¨ßencharakter
χ : k×\A×k → C
×. We then find ourselves in the abelian case of Tate’s thesis
[100]. The abelian case in general provides the base where Langlands functoriality
conjectures build upon, namely Class Field Theory [5].
We observe that by taking k = Q and the trivial Gro¨ßencharakter, we retrieve
the Riemann ζ-function from an automorphic L-function for GL1. i.e,
LS(s,1) =
∏
p
(
1− p−s
)−1
=
∞∑
n=1
n−s = ζ(s),
where S = {∞}, and we initially have absolute convergence for ℜ(s) > 1. Tate
L-functions were extended to automorphic L-functions for GLn by Godement and
Jacquet [37], via an integral representation. Local Rankin-Selberg producs for
representations of GLm and GLn were obtained by Jacquet, Piatetski-Shapiro and
Shalika in [50]; for remarks and further references on the global theory we refer to
[24] and [47]. After preliminaries in Number Theory and Representation Theory, we
present a uniform treatment of these L-functions and products for globally generic
representations of the classical groups via the Langlands-Shahidi method.
Now, let G = GLn(Ak) and Γ = Z(Ak)GLn(k), where Z denotes the center of
GLn. The group GLn is self dual, i.e., the connected component of its Langlands
dual group is LGL◦n = GLn(C). The study of automorphic forms in L
2(Γ\G) leads
us to an important non-abelian generalized reciprocity law. The global Langlands
conjecture states that there is a correspondence{
Π a cuspidal automorphic
representation of GLn(Ak)
}
←→
{
ΦΠ : Lk → LGLn an
irreducible L-parameter
}
If k is a global function field, the group Lk is essentially the Weil group Wk and
we note that global Langlands is a landmark result of V. G. Drinfeld for GL2
[28, 29] and of L. Lafforgue for GLn [62]. The case of a number field k being open,
there should be a conjectural locally compact topological group Lk associated to
the absolute Galois group Gk, where Lk should have the right topology and there
should be a morphism Lk → Gk for us to have a one-to-one correspondence between
automorphic representations of GLn and Galois representations, as mentioned by
Langlands in [67]. The correspondence is in such a way that it respects global
L-functions and root numbers, and agrees with the local Langlands correspondence
at every place. On the left hand side we have automorphic L-functions and on the
right hand side we have Artin L-functions. The correspondence is known to imply
the Ramanujan Conjecture for automorphic representations.
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When we take the completion of a global field k at one of its absolute values v,
we obtain a local field, and all local fields arise in this way. A non-archimedean
local field is obtained from a p-adic valuation, p a prime ideal in the ring of integers
Ok of a global field k. We let F denote a non-archimedean local field.
We work with connected quasi-split reductive groups over local and global fields.
If the reader is unfamiliar with reductive groups, it is safe to assume on a first
reading of this article that G is a group given by the examples of section § 2.1,
which include the classical groups. Given a connected reductive group G defined
over the local field F , we write G = G(F ). We study admissible representations
π of G over a complex infinite dimensional vector space V ; we refer to the first
three sections of [15] for basic notions of admissible representations and further
references.
The local Langlands correspondence for GLn provides us with a one to one
reciprocity relation{
π an irreducible admissible
representation of GLn(F )
}
←→
{
φπ :W ′F →
LGLn
an L-parameter
}
,
where the Weil group WF provides us with the right locally compact group on
the Galois side, yet we need L-parameters of the Weil-Deligne group W ′F or Weil-
Deligne representations of WF , see § 7 of [15]. The correspondence is uniquely
characterized by the fact that it preserves local L-functions and root numbers for
products of representations [45].
From the theory of admissible representations of a p-adic group G = G(F ), an
irreducible admissible representation π is supercuspidal if it cannot be obtained as
a constituent of a parabolically induced representation
IndGP (ρ).
Here, P is a parabolic subgroup of G, with Levi component M and unipotent
radical N; ρ is a representation of M , extended trivially on N ; and, we use unitary
parabolic induction. For G = GLn, the Levi subgroups are all of the form
∏
GLni ,
with n =
∑
ni, and standard parabolic subgroups are block upper triangular. The
Levi subgroups and parabolic subgroups of the classical groups are described in
§ 2.1. As observed in [16], there are two main steps in undesrtading admissible
representations: (i) constructing supercuspidal representations; (ii) constructing
admissible representations via parabolic induction.
The first examples of supercuspidals were obtained in [77], and work using the
theory of types of [16] gives all supercuspidals for GLn. Stevens constructs all
supercuspidals for the classical groups, assuming char(F ) 6= 2 [97]. For a general
reductive group, the approach of Yu gives tame supercuspidals [105, 59]. And we
have the supercuspidals of Gross and Reeder, in addition to the work of Kaletta
[53]. The Kazhdan transfer between close local fields provides an approach to
obtain the local Langlands correspondence in characteristic p from known cases in
characteristic 0 [6, 34].
We observe that studying the space L 2(G) leads to the Plancherel Theorem
much studied by Harish-Chandra [104]. For a classical group G, in addition to L-
functions and root numbers, we use Harish-Chandra µ-functions in order to provide
a characterization of the local Langlands transfer. An important class of represen-
tations of a p-adic reductive groups are tempered representations; we recall that an
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admissible representation is tempered if its matrix coefficients are in L 2+ε(G) for
every ε > 0.
Ramanujan Conjecture for GLn. Let Π be a cuspidal automorphic representa-
tion of GLn(Ak), then each local component Πv is tempered.
If Πv is unramified, temperedness implies that its Satake parameters satisfy
|αj,v|kv = 1, 1 ≤ j ≤ n.
A priori, an arbitrary constituent Πv of a cuspidal automorphic representation is
admissible, although it is unramified for almost every v. Langlands’ classification
allows us to express general admissible representations in terms of tempered data
[12, 95]. In order to understand the bounds towards the Ramanujan conjecture,
let us recall Langlands classification for G = GLn. Let ν be the character of a
general linear group over F given by ν(g) = |det(g)|F . Then, if π is an admissible
representation of G, it has a unique Langlands quotient ξ obtained from the induced
representation
indGP (π1 ⊗ · · · ⊗ πb).
Here, each πi is a representation of GLni(F ) of the form
πj = τj · ν
rj ,
with each τj tempered, and we can assume that the Langlands parameters are
arranged so that 0 ≤ r1 ≤ · · · ≤ rb.
The Ramanujan conjecture for GLn states that rb = 0 for every component Πv
of a cuspidal automorphic Π. If k is a function field, the conjecture was established
for GL2 by Drinfeld [28] and GLn by L. Lafforgue [62]. For G different than GLn,
we have a discussion in § 7.5, since it is no longer true for all cuspidal automorphic
representations and it is rephrased for globally generic representations. The Ra-
manujan conjecture is a result of the author for the classical groups over function
fields [72, 73].
Let k be a number field. In this open case, we have bounds towards Ramanujan.
A first bound, known as the trivial bound is rb ≤ 1/2 [51]. The best known bounds
for arbitrary n, were obtained by Luo, Rudnick and Sarnak in [75], expressed by
the following formula for the Ramanujan bound
rb ≤
1
2
−
1
n2 + 1
.
However, for small n, there are better results. First, for n = 2, the best known
bound of rb ≤ 7/64 was obtained for k = Q by Kim and Sarnak in [57]. For
an arbitrary number field k, this Ramanujan bound was proved by Blomer and
Brumley in [8], where one can also find the best known bounds for up to n = 4.
We mention the work by Clozel and Thorne, starting with [21], which can lead
towards newer Ramanujan bounds for GL2 over number fields. For GLn, certain
cuspidal automorphic representations are known to satisfy Ramanujan over number
fields, where there is an ongoing 10 author work towards potential automorphy [1].
Over function fields, there is the important work by V. Lafforgue over function
fields, who establishes an automorphic to Galois functorial lift [63].
This survey article presents an approach to functoriality in a uniform way for
a global field, either characteristic zero or p, via Langlands-Shahidi automorphic
L-functions and the Converse Theorem of Cogdell and Piatetski-Shapiro. We do
not touch upon the trace formula, where Arthur has established the Endoscopic
LANGLANDS PROGRAM AND RAMANUJAN 5
classification for automorphic representations of the classical groups over number
fields, relying on the stabilization of the twisted trace formula completed by Mœglin
and Waldspurger in [80]. The Fundamental Lemma, proved by Ngo providing a
most intricate crucial ingredient.
There are several survey articles available, many of them focusing on number
fields. General introductions to the Langlands Program are given by Arthur [2],
Gelbart [35], and a book that may be found useful by graduate students [7]. Frenkel
touches upon the geometric Langlands Program [31]. And, there is much recent
progress in the mod-ℓ and the p-adic Langlands Program; a nice read and further
references may be found in [4]. Furthermore, the reader may find excelent surveys
for the Ramanujan Conjecture over number fields by Blomer-Brumley [9], Sarnak
[84], and Shahidi [91], for example.
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Mishra, D. Prasad, F. Shahidi, S. Varma for mathematical communications and
helpful discussions. The author was partially supported by Project VRIEA-PUCV
039.367 and FONDECYT Grant 1171583.
1. Artin L-functions and Number Theory
Let F be a non-archimedean local field. Thus, F is either an extension of the
p-adic numbers Qp or it is of characteristic p and of the form F ≃ Fq((t)), the field
of Laurent power series with coefficients in the finite field Fq. We let OF be the
compact open ring of integers of F , it is a discrete valuation ring with a unique
maximal compact open prime ideal pF = (̟F ), where ̟F is a uniformizer. We
refer to § 4 of [83] for the classification of locally compact fields and their arithmetic
properties.
1.1. The absolute Galois group
GF = lim
←−
Gal(E/F ),
where E/F varies through finite Galois extensions E over F inside a separable
algebraic closure F , is a pro-finite group with the Krull topology, hence compact.
We obtain isomorphic Galois groups if we change the separable closure. Initially
we would like to study representations of GF , however, we study the related locally
pro-finite Weil groupWF in order to obtain the Langlands correspondence. In fact,
we study isomorphism classes of representations, since this makes them independent
of the choice of separable closure F , which we fix.
Algebraically, the Weil group WF is generated by the Frobenius elements and
is normal in GF . The inertia group IF = Gal(F/Fnr), where Fnr is the maximal
unramified extension of F , is embedded insideWF . We denote the maximal tamely
ramified extension of F by Et, it is obtained as the composite of all the cyclic
extensions En of Fnr. The wild inertia group is then PF = Gal(F/Et). The
topology of WF is such that the inertia group IF is seen as an open subgroup of
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WF and coincides with the topology of Gal(F/Fnr) inside GF . We express local
class field theory in terms of the Artin map in Theorem 1.2, and we now recall the
process of “abelianization” and the “Verlagerung” homomorphism.
Let Der(WF ) be the derived group and Der(WF ) its closure, then WabF =
WF /Der(WF ) is the abelianization of WF . Given a separable extension of non-
archimedean local fields E/F , we have the norm map NE/F : E
× → F× and
VerE/F :W
ab
F →W
ab
E
is the homomorphism defined by its action on cosets
xDer(WF ) 7→
∏
y∈WF /WE
yDer(WE)
and passing to the closure on derived groups Der(WF ) ⊂ WabF and Der(WE) ⊂ W
ab
E .
Weil groups were introduced in [106]. An excellent reference for local Weil groups
and their representations can be found in chapter 7 of [15]. We will turn towards
the global theory, which is existential in nature, in § 1.6.
1.2. Local class field theory. For every non-archimedean field F there is a reci-
procity map
WF → GL1(F ),
sending IF to O
×
F = GL1(OF ), PF to 1+ pF , and giving a topological isomorphism
Art : GL1(F )→W
ab
F ,
between the abelianization WabF of WF and F
× = GL1(F ). The Artin map is
compatible with finite separable extensions, for which we have commuting diagrams
E×
WE WF
F×
NE/F
and
WabE
E×F×
WabF
VerE/F
1.3. Global fields and valuations. Let k be a global field. Thus, k is either a
finite algebraic extension of Q, i.e. a number field, or a finite separable extension
of Fq(t), i.e. a function field. Let Ok be the ring of integers of k, it is a Dedekind
domain.
A valuation v of k can be either non-archimedean or archimedean, the latter
possible only in the number field case. We write Val(k) for the set of valuations
of k. After localization, we obtain a local field kv, where kv ≃ R or C if v ∈
Val(k) is archimedean. We write Valp(k) for the set of non-archimedean valuations
of k. Every v ∈ Valp(k) thus leads to a non-archimedean local field kv, with
corresponding ring of integers Ov and maximal prime ideal pv. We write pv = (̟v)
for the maximal prime ideal, ̟v a uniformizer, and qv the cardinality of the finite
residue field Fv = Ov/pv.
Let l/k be a finite separable extension, so we have an extension of Dedekind
rings Ok ⊂ Ol. Given v ∈ Valp(k), we have that pv factorizes in Ol in such a way
that one obtains all valuations above v
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pvOl = Pe1w1 · · ·P
eg
wg
w1 · · · wg
v
Valp(k)
Valp(l)
where wi ←→ Pi, for 1 ≤ i ≤ g. We write w|v when w = wi for some i as above.
Each positive integer ew is called the ramification index of lw/kv, and we also
have fw such that qw = q
fw
v . We say that v ∈ Valp(k) is unramified if ew = 1 for
every w|v. It is a known fact that almost every v ∈ Valp(k) is unramified, i.e., all
but finitely many. We further have
n = [l : k] =
∑
w|v
[lw : kv] =
∑
w|v
ewfw.
If l/k is Galois, then ew = e and fw = f for all w|v and we have n = efg. For more
details see, for example, § 4.4 of [83].
1.4. On Artin L-functions. Fix a Galois extension l/k. The Galois group Gal(l/k)
transitively permutes the places w|v and each α ∈ Gal(l/k) induces an isomorphism
αw : lw ≃ lα(w).
The decomposition group is defined by
Gw = {α ∈ Gal(l/k) | α(w) = w} ,
for each w|v. We have that
Gβ(w) = β Gwβ
−1.
If α ∈ Gw, then α induces a kv-automorphism αw on lw, and we have
Gw
∼
−→ Gal(lw/kv)։ Gal(Fw/Fv).
The kernel of the last surjective homomorphism is the inertia subgroup Iw ⊂ Gw ⊂
Gal(l/k). And for almost all v ∈ Val(k), we have that Iw is trivial. Indeed, at
unramified places we have
Gal(lw/kv) ≃ Gal(Fw/Fv),
which is cyclic and generated by
α¯w : x 7→ x
qv .
Now, a Frobenius automorphism for l/k is any element αw ∈ Gw with image α¯w
in Gal(Fw/Fv). It is characterized by the property
αw(x) = x
qv (modPw), x ∈ Ow.
We observe that αβ(w) = β
−1αwβ, and hence αw is determined up to conjugacy.
The conjugacy class is by definition the Frobenius element of l/k at the place v
Frobl/k,v.
We look at the global Weil group Wk in § 1.6, which for every Galois extension
l/k has an isomorphism
Wk/Wl ≃ Gal(l/k).
Assume that we have an n-dimensional continuous representation (σ, V ) of Wk
which factors through Wl, for l/k Galois. And consider σ as a representation of
Gal(l/k). If we let
Vw = V
Iw ,
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then σ(Frobv) is defined on Vw. In this setting, “incomplete” Artin L-functions are
given by
L(s, σ) =
∏
v∈Valp(k)
1
det(I − σ(Frobv)|Vwq
−s
v )
,
originally absolutely and uniformly convergent for ℜ(s) ≥ 1 + δ, δ > 0.
Artin Conjecture. Artin L-functions L(s, σ) are entire for non-trivial Galois
representations of dimension n > 1.
The conjecture is expected in the setting of § 1.6, where Deligne and Langlands
[25, 65] define local root numbers ε(s, σv, ψv) at every place v of k. Thus, we have
a global Artin root number
ε(s, σ) =
∏
v
ε(s, σv, ψv),
where ε(s, σv, ψv) = 1 at every unramified place. Artin L-functions can be extended
to archimedean places v of k, in a way that they are inductive in nature, and the
resulting “completed” Artin L-function
L(s, σ) =
∏
v∈Val(k)
Lv(s, σ),
is in agreement with the previous definition
Lv(s, σ) =
1
det(I − σ(Frobv)|Vwq
−s
v )
,
for v ∈ Valp(k) and σ factors through Wl as above. Artin L-functions in general
have a meromorphic continuation to the complex plane. With the aid of Brauer
theory, they can be proved to satisfy a functional equation
L(s, σ) = ε(s, σ)L(1− s, σ˜),
where σ˜ denotes the contragredient representation. This is done by reducing to the
case of n = 1, studied by Artin and Tate. We discuss later on in § 6 cases where
the Artin Conjecture is known.
1.5. Ade`les and Ide`les. Tate’s celebrated thesis [100] uses restricted direct prod-
ucts to make a study of Fourier Analysis using valuation vectors, as Chevalley called
them, or in modern language the ade`les and ide`les.
Restricted direct products are defined over a global field k. We assume that
we are given a a finite set S0 consisting of valuations v ∈ Val(k), including all
archimedean v, and a locally compact topological group Gv for every v ∈ Val(k)
such that Gv has a compact open subgroup Hv for every v /∈ S0. In this situation,
we say that a condition is valid for almost all v if there exists a finite set S ⊃ S0 such
that the condition holds for every v /∈ S. We define the restricted direct product
G =
∏
′(Gv : Hv)
as the set of elements of the form (gv), gv ∈ Gv, where we have that gv ∈ Hv for
almost all v.
The open sets of the group G are given by the following basis of neighborhoods
of the identity
US =
∏
v∈S
Uv ×
∏
v/∈S
Hv,
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where S ⊃ S0 is a finite set of places and, for each v ∈ S we have an arbitrary
open set Uv in Gv. We observe that the resulting topology on G makes it a locally
compact topological group.
The ade`les Ak of a global field k are defined by taking S0 = Val(k)\Valp(k) (the
set of archimedean valuations), setting Gv = kv for every v ∈ Val(k) and Hv = Ov
for v /∈ S0. The ide`les are the group GL1(Ak), and it is not a problem for us define
GLn(Ak), for any positive integer n. Indeed, observe that for every v ∈ Valp(k), the
group GLn(Ov) is a maximal compact open subgroup of GLn(kv). Then, GLn(Ak)
is given by the restricted direct product
GLn(Ak) =
∏
′ (GLn(kv) : GLn(Ov)) .
Algebraically A×k is the multiplicative group of Ak, yet the topology of GL1(Ak) is
not the one inherited from Ak by restriction. Nonetheless, we abuse notation and
denote the ide`les by A×k , and we make the convention that the topology is the one
obtained as a restricted direct product A×k = GL1(Ak).
Tate’s thesis can be seen as an analytic approach to the abelian case studied
by Class Field Theory. Let ψ = ⊗ψv be a non-trivial additive character of k\Ak,
allowing us to do Fourier Analysis, and let
χ : k×\A×k → C
×
be a Gro¨ßencharakter of A×k = GL1(Ak). In [100], Tate works over number fields
and defines L-functions and root numbers
L(s, χ) =
∏
v
L(s, χv) and ε(s, χ) =
∏
v
ε(s, χv, ψv),
and establishes their functional equation
L(s, χ) = ε(s, χ)L(1− s, χ−1).
Tate’s thesis can be studied over function fields as well, and a great reference valid
over any global field k can be found in [83].
Godement and Jacquet extend Tate’s theory of L-functions for Gro¨ßencharakters
χ of GL1(Ak) to automorphic representations Π of GLn(Ak) in [37]. We thus have
global Godement-Jacquet L-functions and root numbers
L(s,Π) =
∏
v
L(s,Πv) and ε(s,Π) =
∏
v
ε(s,Πv, ψv),
which satisfy the functional equation
L(s,Π) = ε(s,Π)L(1− s, Π˜).
We turn towards automorphic representations in § 2 and we present all the auto-
morphic L-functions that we will need in this article in a uniform way in § 3.
1.6. Weil groups and Artin L-functions. Let k be a global field and let Gk be
its absolute Galois group obtained just as in (1.1) after fixing a separable algebraic
closure k. The global Weil group is a topological group Wk together with a dense
continuous homomorphismWk → Gk, such that for every finite separable extension
l/k: Wl is open in Wk and maps to Gl with dense image; there is an isomorphism
Wabl ≃ G
ab
l
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which is compatible with global abelian class field theory, see § 1.7; and, the pro-
jective limit
Wk = lim
←−
(Wk/Wl)
taken over all separable l inside k is an isomorphism of topological groups. We
observe that the constructions of § 1.1, e.g. abelianization and Verlagerung map,
are valid in this setting. Furthermore, these constructions also respect isomorphisms
of separable field extensions.
In order to take a closer look at Artin L-functions, write Wv = Wkv , for every
v ∈ Valp(k). Since we mod out by the inertia group Iv, we can define Frobv on Wv
from the isomorphism
Gal(kv,∞/kv) ∼= lim
←−
Z/nZ = Ẑ.
For each n, there is a unique unramified extension kv,n of kv with cyclic Galois
group Gal(kv,n/kv) and kv,∞ is the composite of all kv,n.
Artin L-functions at archimedean places v of k can be defined [7], and this leads
us to “completed” Artin L-functions. In [25], Deligne provides a proof that Artin
L-functions satisfy the functional equation
L(s, σ) = ε(s, σ)L(1− s, σ˜),
where σ˜ denotes the contragredient representation.
The class field theory of Artin-Takagi, gives a very complete description of
abelian Galois extensions in connection to the ide`les. We next write it in the
context of Weil groups, which are constructed cohomologically in Artin-Tate [5],
and we also note the important references [20] and [101].
1.7. Global class field theory. Let k be a global field. For every finite separable
extension l/k there is a reciprocity map Wl → GL1(Ak) inducing an isomorphism
Art : Cl = l
×\GL1(Al)
∼
−→Wabl .
For abelian Galois extensions l/k it induces an isomorphism
Art : Γ\GL1(Al)
∼
−→ Gal(l/k),
for Γ = l×Nl/k(GL1(Al)), where Nl/k is the global norm. The Artin map is com-
patible with finite separable extensions, for which we have commuting diagrams
Wabl
Cl
Nl/k
Ck
Wabk
and
Cl
WablW
ab
k
Ck
VerE/F
.
The reciprocity map sends one dimensional Artin L-functions to Tate L-functions
for Gro¨ßencharakters of A×k = GL1(Ak). For every v ∈ Valp(k), we retrieve the
isomorphism
Artv : GL1(kv)
∼
−→Wabkv ,
of local class field theory.
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2. Reductive groups and representation theory
Reductive groups are at the base of the theory, and were studied in detail by
the Chevalley seminar and the Se´minaire de Ge´ome´trie Alge´brique (SGA 3). The
scheme theoretic point of view gives a functor G that allows us to change the field
or ring of definition. For practical purposes, as in the theory of Lie groups, becom-
ing familiar with a list of examples works best for familiarizing oneself with the
representation theory of reductive groups. For the reader unfamiliar with reductive
groups, the examples of § 2.1 suffice on a first reading; for the basic notions of
reductive groups we refer to [96] and [78].
We let G be a quasi-split connected reductive group defined over a global field
k. We take G = G(Ak) and Γ = ZG(Ak)G(k). Langlands made a deep study of
Eisenstein series in [65], providing a decomposition
L
2(Γ\G) = L 2(Γ\G)disc ⊕L
2(Γ\G)cont,
where we have the notion of cusps that live in the discrete spectrum and the pro-
cess of parabolic induction which helps us understand the continuous spectrum.
Langlands’ study was initially over the field R and he later reformulated it in ade`lic
language for number fields. Over function fields, Harder made an initial study for
split G in [39], which was completed by Morris in [82].
Let P =MN be a parabolic subgroup of G with Levi M and unipotent radical
N. We observe that M is a quasi-split connected reductive group over k and we
look at the space of functions
L
2(ZM(Ak)M(k)\M(Ak)).
We say that an automorphic representation π of M(Ak) is cuspidal if for every f
in the space of π and every parabolic subgroup P0 =M0N0 of M we have that∫
N0(k)\N0(Ak)
f(ng) dn = 0.
Langlands observed in [66] that every cuspidal automorphic representation π of
M(Ak) arises as an irreducible constituent of the right regular representation of
L 2(Γ\M). Furthermore, every automorphic representation π of G(Ak) arises as a
constituent of
Ind
G(Ak)
P(Ak)
(ρ),
with ρ a cuspidal representation of M(Ak), extended to P(Ak) by taking it to
be trivial on N(Ak). Here, Ind denotes normalized parabolic induction, to which
we will return locally in § 2.3 and globally in § 2.5. For now, it suffices for us
to know that cuspidals are the building blocks of the theory and all automorphic
representations π are obtained by this process.
2.1. Examples. The group GL1 arises as the maximal torus (and Levi subgroup)
T consisiting of diagonal matrices of the ambient group G = SL2. Automorphic
representions of GL1(Ak) are Gro¨ßencharakters
χ : k×\A×k → C
×.
As observed by Langlands in [64], Eisenstein series in this setting allow us to study
L-functions in concordance with the abelian case of Tate’s thesis.
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Let n be a positive integer. We have in mind general linear groups and split
classical groups when working with reductive groups in this article, namely:
(a) Gn = GLn
(b) Gn = SO2n+1
(c) Gn = Sp2n
(d) Gn = SO2n


with their Levi subgroups
M ∼= GLnb × · · · ×GLn1 ×Gn0
n = nk + · · ·+ n1 + n0 and Gn0 a group of the same kind as Gn0 . These reductive
groups provide us with intuition into the general theory. And, indeed, their Lie
algebras are of type An−1, Bn, Cn and Dn, respectively. For the classical groups,
i.e. cases (b)–(d), we have Levi subgroups with n0 = 0 and we interpret G0 as
empty.
In these examples, it is not hard to describe all parabolics P = MN explicitly
over any ring A1. For this, let Ms,t(A) be the set of s× t matrices with entries in
A and let Is ∈Ms,s(A) denote the identity matrix.
In case (a), we can precisely write the rational points of M and N as
M =
{
(Xij) | Xij ∈Mni,nj (A), with Xii ∈ GLni(A) and Xij = 0 for i 6= j
}
,
N =
{
(Xij) | Xij ∈Mni,nj (A), Xii = Ini and Xij = 0 for i > j
}
.
Parabolic subgroups P of Gn, with M and N satisfying the above explicit descrip-
tion for every ring A, are the standard parabolics. From the theory of reductive
groups, every parabolic subgroup is conjugate to a standard one.
Now assume we are in the case of Gn a classical group. Let Jn ∈ Mn,n(A) be
the matrix with i, j entries given by δi,n+1−j . If Gn is symplectic, i.e. Gn = Sp2n,
let
Φn =
(
0 Jn
−Jn 0
)
.
And we write Φn = Jn′ ,where n
′ = 2n + 1 or 2n for odd or even orthogonal
groups, respectively (for symplectic groups, set n′ = 2n). We can simplify things
if we assume −1 6= 1. Let us do so, although the theory is available without this
restriction. Then the rational points, Gn = Gn(A), of a classical group are given
by
Gn =
{
g ∈ SLn′(A)|
tgΦng = Φn
}
.
The standard parabolic subgroups P = MN of Gn have rational points given
as follows: for M =M(A) by the following set of block matrices
M = {(Xij) | Xb+1,b+1 ∈ Gn0 , Xij = 0 for i 6= j, and Xii ∈ GLni(A),
Xb′+1−i,b′+1−i = Jni
tX−1i,i Jni for 1 ≤ i ≤ b},
where b′ = 2b+1 in case (b), and b′ = 2b in cases (c) and (d); the group of rational
points N of the unipotent radical N then consists of the corresponding block upper
triangular matrices with block identity matrices along the diagonal.
1Assume A to be commutative with identity.
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2.2. Orthogonal groups in characteristic 2. While the symplectic group Sp2n
can be defined as before regardless of characteristic, the orthogonal groups require
quadratic forms; especially SO2n. The previous simplification is possible because
quadratic forms are equivalent to bilinear forms if −1 6= 1.
For quadratic forms defined over a ring A, we refer to [60]. In particular, let
q2n+1(x) =
n∑
i=1
xix2n+2−i + x
2
n+1 and q2n(x) =
n∑
i=1
xix2n+1−i,
for x ∈ An
′
, where n′ = 2n + 1 or 2n′, respectively. Then On′ is the orthogonal
group of rank n for the corresponding quadratic form qn′ .
For the special orthogonal groups, let Z2(A) be the additive group of continuous
maps Spec(A) → Z/2Z. There is the Dickson invariant, see [loc. cit.], for the
corresponding quadratic space:
On′(A)
Dq
n′−−−→ Z2(A) −→ 1,
Then, SOn′(A) is defined to be the kernel of the epimorphism Dqn′ .
2.3. Admissible representations of p-adic groups. The first article on p-adic
groups was written by Mautner [76], who makes a study of spherical functions of
GL2 and PGL2. This active area of current research has come a long way since
then, and a modern introductory approach in accordance to our exposition can be
found in [15]. The reader can assume that G is given by one of the examples of
2.1. However, our framework is in the context of a general connected quasi-split
reductive group G, which means it has a Borel subgroup.
We fix a Borel subgroup B = TU ofG. It is a minimal parabolic subgroup, with
maximal torus T and unipotent radical U. In our examples, B consists of upper
triangular matrices and T consists of diagonal matrices. We assume all parabolic
subgroups P =MN are standard, by requiring P ⊃ B.
Given an algebraic group H defined over a non-archimedean local field F , we
write H = H(F ) for its group of rational points. Then G is a totally disconnected
group, or, in other words, it is locally profinite. There exists then a basis of compact
open subgroups (c.o.s.g. for short) K of G.
We study representations (π, V ) of G, where V is a complex (often infinite di-
mensional) vector space. A representation (π, V ) is smooth if for every v ∈ V ,
there is a c.o.s.g. K of G such that π(K)v = v. A smooth representation (π, V ) is
admissible if for every c.o.s.g. K the space of fixed vectors V K has
dimC V
K <∞.
All representations in the local Langlands conjecture are admissible, and this as-
sumption allows us to define the trace of π.
Given a parabolic subgroup P = MN of G, the group M is itself quasi-split
reductive. From the point of view of Haar measures, G and M are unimodular.
However, this is no longer the case for P , which has non-trivial modulus character
δP that allows us to pass between right Haar measures (which we use in all of our
integrals) to left Haar measures. Let ρ be an irreducible admissible representation
of M , which we extend to one of P by tensoring with the trivial representation of
N . Then, parabolic induction defines a representation on G via the right regular
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action on the space
IndGP (ρ) = {f : G→ V |f(mng) = δ
1/2
P (m)ρ(m)f(g), ∀m ∈M,n ∈ N,
∃ c.o.s.g. K of G such that f(gk) = f(g), ∀k ∈ K} .
When P and G are clear from context, we often simply write Ind(ρ) and further
abuse notation by identifying the induced representation with its space Ind(ρ).
Because we normalize by the character δ
1/2
P , this parabolic induction is often
called unitary parabolic induction. If ρ is admissible, resp. unitary, then Ind(ρ)
is also admissible, resp. unitary. Without the normalization, parabolic induction
does not preserve unitarity. Furthermore, Ind(ρ) is of finite length, see § 6 of
[19]. We also have the operation of taking the smooth dual, i.e., the contragredient
representation (ρ˜, V˜ ), which preserves admissibility and is respected by Ind.
The building blocks of the theory are supercuspidal representations. These are
irreducible admissible representations π which cannot be obtained as a subquotient
of a parabolically induced representation
IndGP (ρ),
with ρ an admissible representation of M and M 6= G. In our examples, supercus-
pidals can be constructed using the theory of types in [16, 97].
Let (π, V ) be an irreducible admissible representation of G. A matrix coefficient
of π is a function defined by
cv,w˜(g) = 〈π(g)v, w˜〉 , g ∈ G,
where v ∈ V and w˜ ∈ V˜ . With matrix coefficients we can define several important
classes of representations in the theory.
An irreducible admissible representation π of G is supercuspidal if and only if
all of its matrix coefficients have compact support. Discrete series representations
are those whose matrix coefficients are in L 2(G). Tempered representations can
be characterized by having their matrix coefficients in L 2+ǫ(G) for every ǫ > 0.
Langlands classification states that every irreducible admissible representation
π of G arises as a Langlands quotient of an induced representation
Ind(ρ · χ),
where ρ is a tempered representation of M and χ is a character in the Langlands
situation [12, 95]. What we have is the following diagram{
supercuspidal
representations
}
⊂
{
discrete
series
}
⊂
{
tempered
representations
}
⊂
{
admissible
representations
}
Example. Let δ be a unitary discrete series representation of GLn(E). Zelevinsky
classification [107] tells us that it is a constituent of the induced representation
(2.1) Ind(ρν−
t−1
2 ⊗ · · · ⊗ ρν
t−1
2 ),
where ρ is a supercuspidal representation of GLm(E), m|n, and t is a positive
integer. The representation δ is precisely the generic constituent, a notion towards
which we now turn, and continue with further examples in § 2.7.
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2.4. L-groups and Satake parametrization. Given a quasi-split connected re-
ductive group G, Chevalley’s theorem gives the existence of the dual group Ĝ, and
we take Ĝ = Ĝ(C). Given a local or a global field k, we have the Langlands dual
group
LG = Ĝ⋊W ′k,
where W ′k =Wk × SL2(C) is the Weil-Deligne group.
Let now F be a non-archimedean local field with ring of integers OF and residue
field F = OF /pF , with cardinality qF . Since we assume G to be quasi-split over F ,
there is a Borel subgroup B of G. If the group is split, then the groups are also
defined over OF . If G is non-split quasi-split, one can always choose a connected
group scheme G0 over OF , such that it has the same generic fiber and connected
special fiber [102]. Then, we can define the Iwahori subgroup as the pre-image in
G0(OF ) of the F-points of B. Namely
IF = Ker {G0(OF )→ B(F)} .
Let
Repnr(G) =
{
isomorphism classes of smooth irreducible
representations π of G such that πIF 6= 0
}
.
It is well known that this class of representations satisfies the local Langlands
correspondence [85], a result that is known as the Satake parametrization:
π ∈ Repnr(G) ←→ φπ :W
′
F →
LG,
where φπ is the local Langlands parameter attached to π. It is represented by
φπ(FrobF ) = s(π),
a Satake parameter s(π) inside the variety of semi-simple elements [ĜIF ⋊FrobF ]ss
modulo conjugation under ĜIF . A general construction can be found in [38].
Definition 2.1. Let r be an analytic finite dimensional representation of LG and
let π ∈ Repnr(G). The corresponding local L-function is defined by
L(s, π, r) =
1
det(I − r(s(π))q−sF )
, s ∈ C.
We also note the fact that unramified representations are obtained via parabolic
induction from an unramified character of the maximal torus. This is a basic result
of Borel and of Casselman [18].
Theorem 2.2. Let G be a quasi-split connected reductive group over F with Borel
subgroup B = TU. If π ∈ Repnr(G), then there exists an unramified character χ
of T such that π is the unique irreducible generic constituent of
Ind(χ)
Examples. Our examples of type (a)–(d) are all split. Because of this, given our
rank n group Gn, we only require the connected component of the Langlands dual
group in the parametrization:
LG◦n = Ĝn =


GLn(C) if Gn = GLn
Sp2n(C) if Gn = SO2n+1
SO2n+1(C) if Gn = Sp2n
SO2n(C) if Gn = SO2n
.
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We observe that the general linear group GLn and the even special orthogonal
group SO2n are self dual.
Fix a classical group Gn and let π ∈ Repnr(Gn). Then, there exist unramified
characters χ1, . . . , χn of GL1(F ) such that
π →֒ Ind(χ1 ⊗ · · · ⊗ χn)
is the unique irreducible generic constituent. The Satake parameters forGn = GLn
are then given by the diagonal (hence semisimple) matrix
s(π) = diag(χ1(̟F ), . . . , χn(̟F )) ∈ GLn(C).
If Gn = SO2n+1 or SO2n, then
s(π) = diag(χ1(̟F ), . . . , χn(̟F ), χ
−1
n (̟F ), . . . , χ
−1
1 (̟F )) ∈
LG◦n.
And if Gn = Sp2n, then
s(π) = diag(χ1(̟F ), . . . , χn(̟F ), 1, χ
−1
n (̟F ), . . . , χ
−1
1 (̟F )) ∈
LG◦n.
2.5. Induction and automorphic representations. We use the guidance of
Langlands, who observed that the process of parabolic induction allows us to obtain
all automorphic representations from cuspidal representations [66].
We are in the situation of a quasi-split connected reductive group G, defined
over a global field k. And, P = MN is a parabolic subgroup. We write Gv for
G(kv) and similarly for Pv, Mv and Nv. For each v ∈ Valp(k), we have the ring of
integers Ov of kv. The group Kv = G(Ov) is defined for almost every v ∈ Valp(k),
and it is a hyperspecial maximal compact open subgroup of Gv.
Let ρ be a cuspidal automorphic representation ofM(Ak) extended to P(Ak) by
taking it to be trivial on N(Ak). Every automorphic representation can be written
as a restricted tensor product
ρ = ⊗′ρv,
such that ρv ∈ Repnr(Gv) for almost all v ∈ Val(k), see [30]. The decomposition is
made by fixing a family of vectors xv in the space of ρv, fixed by Kv =M(Ov), for
almost all v. Then we can form the restricted tensor product
Ind
G(Ak)
P(Ak)
ρ = ⊗′IndGvPv ρv.
The restricted tensor product is taken with respecto to a family of nonzero vectors
f0v in the space of Ind
Gv
Pv
ρv. We fix such a family by taking S to be a finite set of
places of k, S ⊃ Valp∞(k), such that ρv is unramified for v /∈ S; we can further
assume that Kv = G(Ov). We have a unique constituent
π◦v of Ind
Gv
Pv
ρv, v /∈ S,
containing the trivial representation of Kv. Then, for each v /∈ S, the function f0v
is taken in the space of π◦v to be such that f
0
v (yv) = xv for all yv ∈ Kv. Then every
function in Vπ is of the form
f = ⊗′vfv, fv = f
0
v , v /∈ S
′,
where S′ is a set containing S.
The main result of [66], is that a representation π of G(Ak) is an automorphic
representation if and only if π is a constituent of
Ind
G(Ak)
P(Ak)
ρ
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for a parabolic P = MN of G and a cuspidal representation ρ of M(Ak). The
representation can be expressed as a tensor product
π = ⊗′πv,
where πv = π
◦
v for almost all v.
2.6. Generic representations. Fixing a Borel subgroup B of G gives a pinning
of the roots, and in particular determines the set of positive roots Φ+. We use
Bourbaki notation, chapter VI of [13], when working with root systems. For every
α ∈ Φ+ there is a rank one group Gα obtained via restriction of scalars from either
SL2 or SU3. In the former case we have that the unipotent subgroup Nα = Uα is a
one parameter additive subgroup and in the latter case we have Nα = UαU2α. Our
examples are of split groups, in which the latter possibility does not occur.
Let ∆ denote the simple roots. We have the surjective morphism
(2.2) U ։ U/
∏
α∈Φ+\∆
Nα ≃
∏
α∈∆
Uα,
Given a non-trivial additive character ψ : A → C×, on a topological ring A, we
extend it to one of U = U(A) via the morphism (2.2)
ψ(u) =
∏
α∈∆
ψ(uα).
In practice, we know how to pass from an arbitrary character χ of U to one of the
form just constructed.
Example. For GLn, we fix the Borel subgroup B = TU of upper triangular matri-
ces. The maximal torus T consists of diagonal matrices and the unipotent radical
U has rational points given by
U = U(A) = {u = (xij) | xij ∈ A, xii = 1 and xij = 0 if i < j} ⊂ GLn(A).
From the non-trivial character ψ : F → C×, we extend ψ to u ∈ U(A) by setting
ψ(u) =
n−1∏
i=1
ψ(xi,i+1).
It is a good excercise to write the corresponding explicit matrix realization for the
classical groups.
Let us now return to the notion of genericity, first, for local representations. Fix
a non-archimedean local F and a non-trivial character ψ : F → C×. We say that
an irreducible admissible representation (π, V ) of G(F ) is generic if there exists a
continuous functional
λ : V → C,
such that
λ(π(u)v) = ψ(u)λ(v), for u ∈ U.
Such a λ, when it exists, is called a Whittaker functional. We have the follwing
multiplicity one theorem due to Shalika [93].
Theorem 2.3. Let (π, V ) be a generic representation of G =G(F ). Let W denote
the space of all Whittaker functionals, then
dimCW = 1.
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Now, for a global field k. Let π = ⊗′πv be a cuspidal automorphic representation
of G(Ak) and ψ : k\Ak → C× a non-trivial character. We say that π is globally
generic if there is a cusp form ϕ in the space of π such that
Wϕ(g) =
∫
U(k)\U(Ak)
ϕ(ug)ψ(u) du 6= 0.
A globally generic representation π⊗′ πv, is locally generic. Indeed, if we write the
cusp form as a restricted product ϕ = ⊗′ϕv, ranging over all places v of k, then we
have
Wϕ(g) =
∏
v
Wϕv (gv) =
∏
v
λv(πv(gv)ϕv),
where each λv is a Whittaker functional for πv.
2.7. Unitary generic representations of the classical groups. Let Gn be
either a general linear group or a classical group defined over a non-archimedean
local field F . We have the following result concerning the unitary spectrum.
Theorem 2.4. Let π be an irreducible generic unitary admissible representation of
Gn(F ), then π arises as arises as the irreducible quotient of a parabolically induced
representation
(2.3) Ind(τbν
rb ⊗ · · · ⊗ τ1ν
r1 ⊗ π0).
The induction is with respect to a parabolic subgroup with Levi M ∼= GLnb × · · · ×
GLn1 × Gn0 . For each 1 ≤ i ≤ b, τi is a tempered unitary representation of
GLni(F ), and the Langlands parameters satisfy rb ≥ · · · ≥ r1 ≥ 0. In the case of a
general linear group, the representation π0 of Gn0(F ) is quasi-tempered of the form
π′0ν
r0 with π′0 tempered and r1 ≥ r0 ≥ 0. In the case of a classical group, π0 is
tempered generic. Furthermore
rb <
{
1 if Gl = SO2n
1/2 otherwise
.
The bound rb < 1/2 for GLn is known as the trivial Ramanujan bound, obtained
when viewed from a global perspective [51]. For the classical groups, a description
of the generic unitary spectrum in characteristic zero is given in [70]. This result
can be transferred to characteristic p using the technique of Ganapathy on the
Kazhdan transfer for close local fields [33], and we do so in [73].
2.8. Intertwining operators and Plancherel measures. Harish-Chandra stud-
ied the Plancherel theorem over the reals as well as the p-adics. We look at µ-factors
which make an appearence in the local Langlands conjecture (see § 4.2), in addition
to their original role in the Plancherel theorem [104].
Fix a pair of quasi-split reuductive groups (G,M) defined over a non-archimedean
local field F , with M a maximal Levi subgroup of G. We let
(2.4) w0 = wlwl,θ,
where wl and wl,θ are the longest elements in G and in M , respectively. We have
that conjugation by w0 defines a Levi subgroup Mw0 . Given a representation ξ
on M , we let w0(ξ) denote the representation on Mw0 defined by w0(ξ)(m
′) =
ξ(w−10 m
′w0).
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Let Xnr(M) be the group of unramified characters χ : M → C; it is a complex
algebraic variety. Given an irreducible admissible represenation (π, V ) of M , and
a χ ∈ Xnr(M) we have an induced representation
I(χ, π) = IndGP (π · χ).
Furthermore, we have an intertwining operator
A(χ, π, w0) : I(χ, π)→ I(w0(χ), w0(π)),
which is defined via the principal value integral
A(χ, π, w0)f(g) =
∫
Nw0
f(w−10 ng) dn.
It extends to a rational operator on χ ∈ Xnr(M), see § IV of [104].
Plancherel measures are defined via the composite of two intertwining operators
µ(χ, ρ, ψ)−1 = A(w0(χ), w0(π), ψ) ◦A(χ, π, ψ).
We obtain this way a a scalar-valued rational function µ(χ, π, ψ) on the variable
χ ∈ Xnr(M).
Examples. It is customary to write ν for the unramified character |det(·)| of GLn,
and we do so. We note that every unramified character χ ∈ Xnr(GLn) is of the
form χ = νs, as s ranges through C. In case (a) of examples 2.1, we obtain
functions of one complex variable by taking the representation ρ = τ ⊗ π˜ of M =
GLm(F )×GLn(F ) and setting
I(s, ρ) = IndGP (τν
s/2 ⊗ π˜ν−s/2).
For the classical groups, i.e., cases (b)–(d), we take the representation ρ = τ ⊗ π˜ of
M = GLm(F )×Gn and set
I(s, ρ) = IndGP (τν
s ⊗ π˜).
With these normalizations, the intertwining operator is of the form
A(s, ρ, w0) : I(s, ρ)→ I(−s, w˜0(ρ)).
While Mw0 6= M in general for GLl, it is the case that Mw0 = M for the classical
groups. We also observe that we have rational functions
µ(s, ρ, ψ) ∈ C(q−s).
2.9. Partial L-functions. Let G be a quasi-split connected reductive group de-
fined over a global field k. It is a basic property that an automorphic representation
π of G(Ak), has a decomposition
π = ⊗′πv,
so that there is a finite set S of places of k (containing the archimedean places in
the case of a number field), for which πv ∈ Repnr(G(kv)), for v /∈ S [30].
Definition 2.5. Let r be an analytic finite dimensional representation of LG. Let
π = ⊗′πv be an automorphic representation of G(Ak) and S a finite set of places
of k such that πv ∈ Repnr(G(kv)), for all v /∈ S. Then, partial L-functions are
defined by
LS(s, π, r) =
∏
v/∈S
L(s, πv, rv).
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An basic property of partial automorphic L-functions is that LS(s, π, r) converges
for ℜ(s)≫ 0, see [10]. However, it is much more difficult to obtain a meromorphic
continuation and functional equation. These last two properties, we address in
many cases via the Langlands-Shahidi method, to which we next turn.
3. The Langlands-Shahidi method
3.1. Fix a pair of quasi-split connected reductive groups (G,M), with M a max-
imal Levi subgroup of G. Locally, the Langlands-Shahidi method applies to:
(i) a generic representation π of M ;
(ii) a constituent r of the adjoint action of LM on Ln, where n is the Lie algebra
of the unipotent radical of N;
(iii) a non-trivial additive character ψ.
Given a local triple (π, r, ψ), withM =M(F ), the Langlands-Shahidi machinery
produces rational functions
γ(s, π, r, ψ) ∈ C(q−s),
of a complex variable s ∈ C. Furthermore, if π is tempered, then the γ-factor
can be written as a product of a monomial ε(s, π, r, ψ) and a ratio of two monic
polynomias on q−s
(3.1) γ(s, π, r, ψ) = ε(s, π, r, ψ)
L(1− s, π˜, r)
L(s, π, r)
.
This definig relationship is such that for π ∈ Repnr(M) it agrees with the defi-
nition given by the Satake correspondence, where we have ε(s, π, r, ψ) = 1. It is
extended from tempered generic to all generic π via Langlands classification and a
multiplicativity property, explained in § 3.3.
A global triple (π, r, ψ), with M = M(Ak), would be one with π a globally
generic cuspidal automorphic representation of M , r an irreducible constituent of
the adjoint action of LM on Ln, and ψ = ⊗′ψv an additive character of k\Ak. We
let S be a finite set of places of k such that πv, kv and ψv are unramified for v /∈ S,
were we have the partial L-function LS(s, π, r) defined in the previous section.
The Langlands-Shahidi machinery proves the functional equation for global triples
(π, r, ψ)
(3.2) LS(s, π, r) =
∏
v∈S
γ(s, πv, rv, ψv)L
S(1 − s, π˜, r).
Furthermore, with the local theory in place, we have completed L-functions and
global root numbers
(3.3) L(s, π, r) =
∏
v
L(s, πv, rv) and ε(s, π, r) =
∏
v
ε(s, πv, rv, ψv).
Examples. Suppose we are in cases (a)–(d) of examples 2.1. The Langlands-
Shahidi method leads us to automorphic L-functions for Rankin-Selberg products
L(s, π × τ),
where π and τ are globally generic cuspidal automorphic representations of Gn(A)
and GLm(Ak), respectively. The underlying analytic representation of
LM is given
by r = ρn ⊗ ρm, where for every positive integer l, we let ρl denote the standard
representation of GLl(C). This is one of two possible irreducible constituents of the
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adjoint action that arise in cases (b)–(d), the case (a) giving only Rankin-Selberg
products.
We note that for GLn, all cuspidal automorphic representations are globally
generic. This is no longer the case for the classical groups, as we mention in § 7.5,
however, locally the tempered L-packet conjecture of Shahidi is known for the
classical groups [3, 34], which allows us to obtain all local L-functions from the
generic case.
In cases (b)–(d) we also have the related L-functions L(s, τ, r) for a globally
generic cuspidal automorphic representation τ of GLm(Ak), and we can have r =
ρm, r = Sym
2ρm or ∧2ρm. These arise in the Siegel Levi case of M ∼= GLm as a
maximal Levi subgroup of a classical group Gm of rank m.
3.2. Induced representations and genericity. Fix a pair of quasi-split reuduc-
tive groups (G,M), withM a maximal Levi subgroup of G. We consider the cases
of A = F , a non-archimedean local field, or A = Ak, the ring of ade`les of a global
field. We write G = G(A), the rational points, and similarly for M .
Given a non-trivial characrter ψ of A, we first use equation (2.2) to obtain a
character ψM of UM , then we then require the following relation on a character ψ
of U :
ψ(u) = ψM (w
−1
0 uw0), u ∈ UM = U ∩M,
where w0 = wlwl,M is the product of the longest Weyl group element wl of G and
the longest Weyl group element wl,M of M .
Let P = MN be a maximal parabolic subgroup of G. The group M/ZG has
a one dimensional split center, hence HomF (M/ZG,GL1) is a rank one free Z-
module. Let
δ = det(AdM|n) ∈ HomF (M/ZG,GL1).
Now, in order to have L-functions of a complex variable, we let α be the simple
root such that the maximal parabolic P corresponds to the subset of simple roots
θ = ∆− {α}. Let δα be an unramified character of M given by
(3.4) δα : M
δl
−→ GL1(A)
|·|A−−→ C×, l = 〈δ, α∨〉
−1
,
where 〈· , ·〉 is the perfect paring between roots and co-roots.
Let π be a generic representation of M . We write
I(s, π) = I(δsα, π), s ∈ C,
with δα as in equation (3.4); its corresponding space is denoted by V(s, π).
Examples. Suppose we are in the case of a maximal Levi subgroup
M ∼= GLm ×Gn ⊂ Gl,
l = m+ n, and both m, n > 0. If we are given ψ-generic representation τ of GLm
and π of Gn, then we form the ψM -generic representation
ρ = τ ⊗ π˜ of M.
The use of the contragredient representation π˜ is made in order to obtain Rankin-
Selberg product L-functions from the local Langlands-Shahidi method. In all of
these cases we have
I(s, ρ) = I((τ · νs)⊗ π˜), s ∈ C,
where ν denotes the unramified character by composing det with the absolute value
|·| for GLm.
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We have the following result, Theorem 2.1 of [73].
Theorem 3.1. Let (F, π, ψ) be a local triple in the Langlands-Shahidi setting. Then
the induced representation I(s, π) is also generic. It has a Whittaker functional
λψ(s, π) which is a polynomial on {qs, q−s}.
3.3. Local Langlands-Shahidi method. Fix a pair of quasi-split reuductive
groups (G,M),M a maximal Levi subgroup of G, defined over a non-archimedean
local field F . Given a local triple (π, r, ψ), the Langlands-Shahidi method produces
a local coefficient Cψ(s, π, w0), which we combine with an induction step to produce
γ-factors, L-functions and ε-factors.
From Theorem 3.1, we have a Whittaker functional λψ(s, π) on I(s, π), and from
§ 2.8 we have an intertwining operator
A(s, π, w0) : I(s, π)→ I(w0(δ
s
α), w0(π)),
where in our examples, the unramified character δsα corresponds to −s. The crucial
result is Shalika’s multiplicity one theorem for Whittaker functionals [93].
Theorem 3.2 (Shalika). An irreducible admissible representation Π of G is generic
if and only if its space of Whittaker functionals is one dimensional.
We can then define the Langlands-Shahidi local coefficient via the formula
λψ(s, π) = Cψ(s, π, w0)λψ(δ
s
α, w0(π)) ◦A(s, π, w0).
We have seen that the intertwining operator is rational and the Whittaker functional
is a Laurent polynomial, we conclude that
Cψ(s, π, w0) ∈ C(q
−s).
We now observe that the adjoint action of LM on Ln, decomposes into a finite
numberm(R) of irreducible components. In our examples, we actually havem(R) =
1 or 2. Then, the following result, see for example Lemma 2.4 of [74], tells us that we
can inductively reduce to the case where the adjoint representation is irreducible.
Lemma 3.3. Let (G,M) be a Langlands-Shahidi pair of quasi-split reductive groups,
with M a maximal Levi subgroup of G. Let R = ⊕
m(R)
i=1 ri be the adjoint action of
LM on Ln. For each i > 1, there exists a pair (Gi,Mi) such that the corresponding
adjoint action of LMi on
Lni decomposes as
R′ =
m(R′)⊕
j=1
r′j with m(R
′) < m(R),
and rm(R) = r
′
1.
We thus are able to obtain the individual γ-factors, which lead towards local
L-functions and ε-factors, as observed in § 3.1. They satisfy a number of local
properties, and we highlight two of them starting with their compatibility with
Artin γ-factors, proved in [55] for non-archimedean local fields of characteristic 0
and extended to characteristic p in [74].
Theorem 3.4. Let (F, π, ψ) be a local triple such that π ∈ Repnr(M). Let
φπ :W
′
F →
LM
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be the Langlands parameter corresponding to π via the Satake parametrization, see
§ 2.4. Then
γ(s, π, r, ψ) = γ(s, r ◦ φπ, ψ).
Local γ-factors satisfy a very interesting multiplicativity property, depending on
cocycle relationships of Weyl group elements. For our examples, we can make this
property explicit as follows.
Multiplicativity. Let (G,M) be a pair such that G = Gl is a general linear
group or a classical group of rank l = m + n, with M ∼= GLm ×Gn and both m,
n ≥ 1. Let τ be a generic representation of GLm(F ), such that it is a constituent
of
(3.5) Ind(τ1 ⊗ · · · ⊗ τe),
where the τi’s are generic representations of GLmi(F ), m = m1 + · · ·me. Let π be
a generic representation of Gn(F ), such that it is a constituent of
Ind(π1 ⊗ · · · ⊗ πf ⊗ π0),
where the πj ’s are generic representations of GLnj (F ), 1 ≤ j ≤ f , and π0 is a
generic representation of Gn0(F ), n = n1 + · · · + nf + n0, with Gn0 a classical
group of the same type as Gn.
The adjoint representation R factors into two irreducible constituents r1 and
r2. The first constituent is r1 = ρm ⊗ ρ˜n, hence we obtain γ(s, τ ⊗ π˜, r1, ψ) =
γ(s, τ × π, ψ), a Rankin-Selberg γ-factor. If Gl = GLl, then
γ(s, τ × π, ψ) =
∏
i,j
γ(s, τi × πj , ψ)
And, if Gl is a classical group, then
γ(s, τ × π, r, ψ) =
e∏
i=1
γ(s, τi × π0, ψ)
e∏
i=1
f∏
j=1
γ(s, τi × πj , ψ)γ(s, τi × π˜j , ψ).
Now, the second constituent of R is given by
(3.6) r2 =
{
Sym2ρm if G = SO2l+1
∧2ρm if G = SO2l or Sp2l.
.
In these cases, multiplicativity involves only τ of GLm(F ) given as a constituent of
the induced representation of (3.5), and we have the following formula
γ(s, τ, r2, ψ) =
e∏
i=1
γ(s, τi, rmi , ψ)
∏
i<j
γ(s, τi × τj , ψ),
where rmi is either Sym
2ρmi or ∧
2ρmi , of the same kind as r2.
3.4. Global Langlands-Shahidi L-functions. The global triples we consider
(π, r, ψ) require that π = ⊗′πv be globally generic. In particular, we can assume
that π is globally ψ-generic. By definition, there is a cusp form ϕ in the space of π
such that
WM,ϕ(m) =
∫
UM (k)\UM (Ak)
ϕ(um)ψ(u) du 6= 0.
One extends ϕ to an automorphic function
Φ :M(k)U(Ak)\G(Ak)→ C,
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as in § I.2.17 of [79]. We thus form a function in the space of the globally induced
representation I(s, π), by setting
Φs = Φ · δ
s
α, s ∈ C.
The corresponding Eisenstein series is defined by
E(s,Φ, g,P) =
∑
γ∈P(k)\G(k)
Φs(γg),
which initially converges absolutely for ℜ(s) ≫ 0. For the globally generic repre-
sentation π of M(Ak), the Fourier coefficient of the Eisenstein series E(s,Φ, g,P)
is given by
Eψ(s,Φ, g,P) =
∫
U(k)\U(Ak)
E(s,Φ, ug,P)ψ(u) du.
Eisenstein series were studied in great generality by Langlands in [65], they have
a meromorphic continuation and satisfy a functional equation. An argument of
Harder [39], shows that in the case of function fields, Eisenstein series and their
Fourier coefficients are rational functions on q−s. The following can be found in
[90] for number fields, and in [73] for function fields.
Theorem 3.5. Each Langlands-Shahid L-function L(s, π, ri) converges absolutely
for ℜ(s) ≫ 0 and has a meromorphic continuation to the complex plane. If k is a
function field, then it is a rational function on q−s.
In the previous theorem, we have completed L-functions L(s, π, ri). Going from
partial L-functions LS(s, π, ri), to completed ones, is a very delicate process. The
Langlands-Shahidi method first makes the connection between Eisenstein series and
Whittaker functionals
Eψ(s,Φ, g,P) =
∏
v
λψv (s, πv)(I(s, πv)(gv)fs,v).
A careful computation at unramified places, then gives the connection to a product
of partial L-functions
Eψ(s,Φ, g,P) =
∏
v∈S
λψv (s, πv)(I(s, πv)(gv)fs,v)
m(R)∏
i=1
LS(1 + is, π, ri)
−1.
What we can obtain by arguing in this way, is a first form of the functional equation.
Theorem 3.6 (Crude Functional Equation). Let π be a globally ψ-generic cuspidal
automorphic representation of M(A), let R = ⊕
m(R)
i=1 ri be the adjoint representa-
tion. Then
m(R)∏
i=1
LS(is, π, ri) =
∏
v∈S
Cψ(s, πv, w˜0)
m(R)∏
i=1
LS(1− is, π˜, ri).
The induction result, Lemma 3.3, allows us to refine this into individual func-
tional equations for each i, 1 ≤ i ≤ m(R), where we obtain local γ-factors at places
v in S:
LS(s, π, ri) =
∏
v∈S
γ(s, πv, ri,v, ψv)L
S(1− s, π˜, ri).
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Furthermore, from equation 3.1, and the discussion following it, we obtain L-
functions and ε-factors at every non-archimedean place v, and for each i. At
archimedean places, we refer to the crucial work of Shahidi [92].
Since ε-factos are trivial for v /∈ S, we can globally define
ε(s, π, ri) =
∏
v
ε(s, πv, ri,v, ψv).
We already know that partial L-functions initially converge on a right half plane,
hence we now define completed L-functions
L(s, π, ri) =
∏
v
L(s, πv, ri,v).
The Langlands-Shahidi method, thus produces the following form of the functional
equation.
Theorem 3.7 (Functional Equation). Let (π, r, ψ) be a global Langlands-Shahidi
triple, then
L(s, π, r) = ε(s, π, r)L(1 − s, π˜, r).
4. Local Langlands
4.1. GLn. Let F be a non-archimedean local field and n a positive integer. Let
AF (n) be the set of isomorphism classes of supercuspidal representations of GLn(F )
and let GF (n) be the set of isomorphism classes of irreducible Frob-semisimple n-
dimensional representations of W ′F .
Theorem 4.1 (Local Langlands for GLn). For every non-archimedean local field
F and every integer n ≥ 1, there is a correspondence
Lloc : AF (n)→ GF (n),
where we write σπ = Lloc(π). The maps are bijective, they satisfy and are uniquely
characterized by the following properties:
(i) Lloc is the reciprocity map Art when n = 1 and
det(σπ) = ωπ ◦Art.
(ii) If π ∈ AF (n) and χ ∈ AF (1), we have that
Lloc(π · χ) = σπ ⊗ χ and σ˜π = Lloc(π˜).
(iii) Lloc preserves and is uniquely determined by the property that it preserve
local factors for every π ∈ AF (m) and τ ∈ AF (n)
L(s, π × τ) = L(s, σπ ⊗ στ )
ε(s, π × τ, ψ) = ε(s, σπ ⊗ στ , ψ),
where ψ : F → C× is a non-trivial character.
The local Langlands conjecture was proved by Kutzko for GL2 [61] followed
by Henniart for GL3 [44]. Over local function fields, it is a result of Laumon,
Rapoport and Stuhler [71] for every n. For finite extensions of Qp, it was established
independently by Harris-Taylor and Henniart [42, 46], and more recently by Scholze
[87].
The uniqueness criterion presented in Theorem 4.1 using Rankin-Selberg local
factors is due to Henniart [45], and originally appeared as an appendix to [71]; it
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is valid in any characteristic. However, we observe that Scholze’s proof presents
an alternative uniqueness criterion that makes the result of Harris-Taylor indepen-
dent of Henniart’s result. Namely, in [87], Scholze constructs functions h and fτ,h
satisfying a trace relationship
Tr(fτ,h|π) = Tr(τ |Lloc(π))Tr(h|π)
and proves that this condition uniquely characterizes the generalized reciprocity
map Lloc. In addition, the map respects local L-functions and root numbers. The
method of proof in this approach relies on powerful methods of Harris [40] and
Harris-Taylor [42], based on Shimura varieties.
Local factors satisfy a multiplicativity property, where we observe that tempered
representations for GLn(F ) are generic [107]. Compatibility with the Langlands’
classification, enables the passage from tempered to admissible representations.
(iv) (Multiplicativity). Assume π is the unique generic constituent
Ind(π1 ⊗ · · · ⊗ πb),
where each πi is a supercuspidal representation of GLni(F ), hence generic.
Then we have the following multiplicativity property of local factors
L(s, π × τ) =
∏
i,j
L(s, πi × τj),
ε(s, π × τ, ψ) =
∏
i,j
ε(s, πi × τj , ψ).
(v) (Langlands quotient). If π is a subquotient of
Ind(π1 ⊗ · · · ⊗ πb),
with each πi irreducible quasi-tempered representation of GLni(F ), then
σπ = Lloc(π) = σπ1 ⊕ · · · ⊕ σπb .
And we have compatibility with local L-functions and ε-factors for pairs.
4.2. Classical groups. Given a classical group G, if F is a non-archimedean lo-
cal field, we write G = G(F ). Let AF (G) be the set of irreducible admissible
representations of G = G(F ). Let LGF (G) be the set of L-parameters
φ :W ′F →
LG,
where the homomorphism φ is taken up to Ĝ conjugacy for SO2n+1 and Sp2n, in
our examples, cases (b) and (c), and up to O2n(C)-conjugacy in case (d).
An L-parameter φ ∈ LGF (G) is bounded if its image in LG projects onto a
bounded subset of Ĝ. We say that φ ∈ LGF (G) is discrete if its image does not
factor through a parabolic subgroup of LG.
The Langlands correspondence for the classical groups in characteristic zero,
both local and global, is due to Arthur [3], who provides an endoscopic classification
via the trace formula, depending on the stabilization of the twisted trace formula
proved by Mœglin and Waldspurger in a series of papers culminating in [80]. Under
certain restrictions on the residual characteristic, the Langlands correspondence for
local function fields was proved by Ganapathy-Varma [34]. Their method relies on
the Kazhdan philosophy, on transferring information for representations of p-adic
groups from characteristic 0 to characteristic p, which is also established by Aubert,
Baum, Plymen and Solleveld in [6]. We refer to § 7 of [32], for a description of the
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local Langlands correspondence over function fields for the classical groups and a
general proof depending on a working hypothesis. The work of Genestier-Lafforgue
[36], now proves the local correspondence in characteristic p for connected reductive
groups.
Theorem 4.2. For every split classical group G and every non-archimedean local
field F there is a finite-to-one map
Lloc : AF (G)→
L
GF (G).
Writing φπ = Lloc(π) for the corresponding Langlands parameter of a representation
π, we have that
(i) π is a discrete series representation iff φπ is a discrete L-parameter.
(ii) π is a tempered representation iff φπ is a bounded L-parameter.
(iii) Assume π is the unique Langlands quotient of
IndGP (τ · η),
where τ is tempered and η is in the Langlands situation. Then φπ factors
through LM , i.e.,
φπ :W
′
F
φτ
−−→ LMF →
LGF ,
where φτ = Lloc(τ).
(iv) Assume π is a generic representation of G and τ is a supercuspidal repre-
sentation of GLn(F ), then
L(s, π × τ) = L(s, φπ ⊗ φτ )
ε(s, π × τ, ψ) = ε(s, φπ ⊗ φτ , ψ).
(v) For π irreducible admissible non-generic and τ supercuspidal of GLn(F ),
we have
µ(s, π × τ, ψ) = γ(s, φ∨π ⊗ φτ , ψ) γ(−s, φπ ⊗ φ
∨
τ , ψ)
γ(2s, r ◦ φτ , ψ) γ(−2s, r
∨ ◦ φτ , ψ).
Furthermore, Lloc is characterized by properties (i)–(v).
4.3. On Local Langlands for reductive groups. The work of Arthur and
Mœglin-Waldpurger for the split classical groups was extended to quasi-split uni-
tary groups by Mok [81], and recent work of Kaletha [53] gives foundations for the
general case of inner forms. Ongoing work of Fargues and Scholze aims towards the
local Langlands conjecture when char(F ) = 0 and Genestier-Lafforgue have already
established the supercuspidal case in char(F ) = p [36]. The work of V. Lafforgue
in characteristic p, and that of Scholze in characteristic zero, give the semisimple
part of the L-parameter.
We only mention here that Base Change has played a crucial role in the local
Langlands correspondence, starting with its proof for GLn. The article by Harris
[41], provides a Base Change approach towards local Langlands and related open
questions.
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5. Global Langlands
Let k be a global field with Weil groupWk. Let Ak(n) be the set of isomorphism
classes of cuspidal automorphic representations of GLn(Ak) and let Gk(n) be the
set of isomorphism classes of irreducible continuous degree n representations of Wk
which are unramified almost everywhere.
Conjecture 5.1 (Global Langlands for GLn). For every n ≥ 2, there is a corre-
spondence
Lglob : Ak(n)→ Gk(n).
Writing Σ = Lglob(Π), we have that
L(s,Π) = L(s,Σ)
and at every place v of k we have that
Σv = Lloc(Πv).
The maps Lglob are bijective and uniquely determined.
The conjecture is known over function fields, where Drinfelds’ Shtuka technique
is the key to functoriality. L. Lafforgue makes a tour de force in his very important
work for GLn [28]. However, it is an open problem over number fields. Cases where
there are global representations Π ∈ Ak(n) and Σ ∈ Gk(n) which correspond to
each other, are discussed in § 6.
5.1. Converse Theorem. An important technique in proving that a represen-
tation of GLn is automorphic is produced by the Converse Theorem of Cogdell
and Piatetski-Shapiro [23]. For this we have a twisted version, where we fix a
Gro¨ßencharakter character η and a finite set S of places of a global field k, includ-
ing all archimedean places.
Given an integer N , consider the set T (S; η) consisting of τ = τ0 ⊗ η such that:
τ0 ∈ Ak(m), with τ0,v is unramified for v /∈ S, and m an integer ranging from
1 ≤ m ≤ N − 1.
Theorem 5.2. Let Π = ⊗′Πv be an irreducible admissible representation of GLN (Ak)
whose central character ωΠ is invariant under k
× and whose L-function L(s,Π) is
absolutely convergent for ℜ(s) ≫ 0. Suppose that for every τ ∈ T (S; η) the L-
function L(s,Π× τ) is nice, i.e., it satisfies:
(i) The functional equation
L(s,Π× τ) = ε(s,Π× τ)L(1− s, Π˜× τ˜ ).
(ii) L(s,Π× τ) and L(s, Π˜× τ˜ ) are entire on s ∈ C.
(iii) L(s,Π× τ) and L(s, Π˜× τ˜ ) are bounded on vertical strips away from poles.
Then there exists an automorphic representation Π′ of GLN (Ak) such that Πv ∼= Π
′
v
for all v /∈ S.
Remark 5.3. If k is a function field, we have the condition that L(s,Π × τ) and
L(s, Π˜ × τ˜ ) be polynomials in the variable q−s. This stronger condition, replaces
conditions (ii) and (iii) in the above formulation of the Converse Theorem.
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5.2. Functoriality for the classical groups. We restrict ourselves to generic
representations [22, 72], since it leads to the Ramanujan Conjecture. We refer,
to Arthur’s trace formula approach to functoriality for the general case [3]. A
treatment of Arthur’s trace formula and endoscopic classification would require a
separate survey article.
We give an overview of the results of [22, 72] on the globally generic functorial
lift for the classical groups. Let Gn be a split classical group of rank n defined over
a global field k; n ≥ 2 if Gn = SO2n. Langlands functoriality is for Gn to HN ,
given by the following table.
Gn
LGn →֒ LHN HN
SO2n+1 Sp2n(C)×Wk →֒ GL2n(C)×Wk GL2n
Sp2n SO2n+1(C)×Wk →֒ GL2n+1(C)×Wk GL2n+1
SO2n SO2n(C)×Wk →֒ GL2n(C)×Wk GL2n
Table 1
Locally, we let A genF (Gn) be the set of isomorphism classes of generic represen-
tations of Gn(F ), when Gn is a classical group; and, we write A
gen
F (GLn), when
we are in the case of a general linear group. Given Theorems 4.1 and 4.2, we have
a map
Lgenloc : A
gen
F (Gn)→ A
gen
F (GLN).
If we write Π0 = L
gen
loc (π0), the map is such that for every supercuspidal τ0 ∈
A
gen
F (GLm) and every non-trivial character ψ0 : F → C
× there is equality of
γ-factors
γ(s,Π0 × τ0, ψ0) = γ(s, π0 × τ0, ψ0).
It is possible to show, with Henniart’s uniqueness criterion [45], that preserving γ-
factors as above determines the local Langlands lift. Furthermore, the map respects
L-functions and ε-factors
L(s,Π0 × τ0) = L(s, π0 × τ0)
ε(s,Π0 × τ0, ψ0) = ε(s, π0 × τ0, ψ0).
Globally, we let A genk (Gn) be the set of isomorphism classes of globally generic
cuspidal automorphic representations of Gn(Ak), when Gn is a classical group. We
let A genk (GLn) be the set of isomorphism classes of globally generic automorphic
(not necessarily cuspidal) representations of GLn(Ak), when we are in the case of
a general linear group.
Theorem 5.4 (Classical groups). There is a map
Lgen : A
gen
k (Gn)→ A
gen
k (GLN).
Writing Π = Lgen(π), we have that
L(s, π × τ) = L(s,Π× τ)
for every τ ∈ A genk (GLm). The representation Π has trivial central character and
can be expressed as an isobaric sum
Π = Π1 ⊞ · · ·⊞Πd,
where each Πi ∈ A
gen
k (GLNi) is unitary self-dual cuspidal and Πi ≇ Πj for i 6= j.
Furthermore
Πv = L
gen
loc (πv)
at every place v of k.
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Let us give a sketch of proof and then make a note on the image of functoriality.
Let π = ⊗′πv ∈ A
gen
k (Gn). We construct a candidate lift Π
′ = ⊗′Π′v, which will
be a priori just admissible. We take S to include all places where ramification may
occur.
Initially, we understand the local Langlands correspondence for unramified rep-
resentations πv of Gn(kv) and Π
′
v of GLN (kv). Let these representations have
Langlands parameters φπv and φΠ′v , they are then related by the following commu-
tative diagram
WF
ΦΠ′v
LGn
LGLN
φπv
possible via the Satake correspondence. Also, at archimedean places, we have
compatibility with Artin parameters from the work of Shahidi [90].
The construction is such that global L-functions agree
L(s, π × τ) = L(s,Π′ × τ)
for τ = τ0 ⊗ η ∈ T (S; η). And, at finite places v ∈ S, we have that τ = τ0 ⊗ η ∈
T (S; η) has τ0,v unramified. Hence, τ0,v for v ∈ S is an irreducible constituent of
an unramified principal series represnetation
Ind(χ1,v ⊗ · · · ⊗ χm,v),
so that each χi,v : F
× → C× is an unramified character. Then, we have
γ(s, πv ⊗ τv, ψv) =
m∏
i=1
γ(s, πv ⊗ (χi,v · ηv), ψv),
We can always take a Gro¨ßencharakter, such that ηv is highly ramified at these
places. Hence, the product on the right hand side of this last equation becomes
stable.
By the Langlands-Shahidi method the global L-functions L(s, π × τ) are nice,
hence, so are L(s,Π′ × τ). An application of the Converse Theorem, then gives an
automorphic representation Π = ⊗Πv of GLN (Ak) obtained from π in such a way
that Πv = L
gen
loc (πv) for v /∈ S. From the classification of automorphic forms for
GLN [51], Π is the unique generic subquotient of a globally induced representation
of the form Ind(Π1⊗· · ·⊗Πd) with each Πi a cuspidal representation of GLNi(Ak).
We write this as an isobaric sum
Π = Π1 ⊞ · · ·⊞Πd,
The representation Π is unitary, what we need to show is that each Πi is unitary.
For this, write Πi = ν
riΠi,0 with each Πi,0 unitary and td ≥ · · · ≥ t1, t1 ≤ 0.
Because Π is unitary, we cannot have t1 > 0. Then
L(s, π × Π˜1) = L(s,Π× Π˜1)
=
∏
i
L(s+ ti,Πi × Π˜1).
An important analytic property, for Langlands-Shahidi L-functions for the classical
groups, is that L(s, π×Π˜1) is holomorphic for Re(s) > 1. However, L(s+t1,Π1×Π˜1)
has a simple pole at s = 1 − t1 ≥ 1. This pole carries through to a pole of
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L(s, π × Π˜1), which gives a contradiction unless t1 = 0. A recursive argument
shows that all the ti’s must be zero.
Also, every time we have Πi ∼= Πj , we add to the multiplicity of the pole at s = 1
of the L-function
(5.1) L(s, π × Π˜i) =
∏
j
L(s,Πj × Π˜i).
However, L(s, π × Π˜j) has at most a simple pole at s = 1. Hence, we must have
Πi ≇ Πj , for i 6= j.
To show that each Πi is self-dual, we argue by contradiction and assume Πi ≇ Π˜i.
The representation σ = Π˜i⊗ τ˜ ofMi(Ak) satisfies w0(σ) ≇ σ. Then, the L-function
L(s, π× Π˜i) has no poles. Now, we have that a pole appears on the right hand side
of equation (5.1) from the L-function L(s,Πi × Π˜i). This is a contradiction, unless
Πi is self-dual.
We now go through the classification of generic representations for the classical
groups. First for supercuspidal representations, whic uses a globalization argument
discussed in the following section. Then, there is the Mœglin-Tadic´ classification
for discrete series. The standard module conjecture for tempered representations
and the Langalnds classification. A crucial step is the stability property of γ-factors
under twists by highly ramified characters.
5.3. A note on the image of functoriality. We observe that the argument found
in § 7 of [73] is valid over any global field. That is, the argument provides a self
conatined proof concerning the image of functoriality over number fleds of [22], with
the added note that symmetric and exterior square L-functions for cuspidal unitary
automorphic representations are non-vanishing for ℜ(s) > 1, Proposition 7.3. For
function fields, this non-vanishing is proved in § 6 of [73].
6. Globalization methods
Throughout this section assume that F is a non-archimedean local field and k
is a global field such that kv0 ≃ F at a place v0. We discuss globalization methods
that take a representation π over a non-archimedean local field F , for example, a
supercuspidal representation of GLn(F ), and produce global representations Π and
Σ that correspond to each other and Πv0 ≃ π.
Definition 6.1. Let Π be a cuspidal automorphic representation of GLn(Ak) and
let Σ be an n-dimensional ℓ-adic representation of Wk on the Galois side. We say
that the representations correspond to each other if
Σ = Lglob(Π),
as in Conjecture 5.1.
Note that if Π and Σ correspond to each other, then
Σv = Lloc(Πv),
at every place v of k.
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6.1. GL1 and monomial representations for GLn. Already present in Jacquet-
Langlands’ work [49], is the case of monomial representations, which provide a
first family of cases where the global Langlands correspondence for GL2 is known.
Locally, this arises from the tame case, and we have this for GLn, for example,
when p does not divide n. We begin with a basic lemma, which is a version of the
Grundwald-Wang theorem of class field theory [5].
Lemma 6.2. Let χ0 : GL1(F )→ C× be a character. There exists a Gro¨ßencharakter
χ : k×\GL1(Ak)→ C× such that:
(i) χv0 ≃ χ0;
(ii) χv is unramified if v /∈ {v0,∞};
(iii) if char(F ) = p, then χ∞ is tame.
Then, by global class field theory, there is a 1-dimensional representation σ =
Art(χ) of Wk that corresponds to χ.
From the theory of types [16], we have level zero supercuspidal representations
of GLn(F ). A level zero supercuspidal π corresponds to a tamely ramified complex
representation σ of WF via the local Langlands correspondence. More precisely,
there exists an unramified extension E/F of degree n and a character η0 : WE →
C×, such that
σ = IndWFWE (η0).
For these representations we have the following globalization result.
Proposition 6.3. Let π be a level zero supercuspidal representation of GLn(F ).
Then there exist global representations Π of GLn(Ak) and Σ of Wk that correspond
to each other and Πv0 ≃ π.
To see this, we need the next basic lemma from Algebraic Number Theory.
Lemma 6.4. If E/F is a finite separable extension, then there exists an extension
l/k and an F isomorphism E ≃ l⊗k kv.
Thus, given the extension l/k, an application Lemma 6.2 gives a Gro¨ßencharakter
η : l×\GL1(Al)→ C× with ηv0 ≃ η0. Then, we can set
Σ = IndWkWl (η).
Notice that we may choose, using Lemma 6.2, η to be unramified at finite places
distinct from v0. Then at finite places v in S distinct from v0, Πv is unramified.
And, at finite unramified places we have the Satake parametrization § 2.4, hence
Σv = Lloc(Πv),
at every place v of k.
6.2. On GLn over number fields. The global Langlands conjecture is an open
problem over a number field k, even for GL2. However, there are important result
of Langlands and Tunnell on base change, that allow us to obtain automorphic
representations of GL2(Ak) that correspond to Galois representations.
We have the following globalizing lemma on the Galois side (Lemma 3.6 of [44],
Lemma 4.13 of [25]).
Lemma 6.5. Let E/F be a finite Galois extension of non-archimedean local fields.
Then there exist a global field k, a finite Galois extension l/k, with a place v0 of k,
and an isomorphism η of kv0 onto of F inducing an isomorphism of kv0 ⊗k l onto
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E. In particular, l has only one place w0 above v0 and the decomposition subgroup
of Gal(l/k) at w0 is itself, and identifies with Gal(E/F ) via η.
A local Galois representation σ of Gal(E/F ), globalizes to a representation Σ
of Gal(l/k). Local Galois groups being solvable, the image of Σ in the projective
linear group is dihedral, A4 or S4 so there is by [49, 69, 103] a cuspidal automorphic
representation Π of GL2(Al) so that
Σ←→ Π,
correspond to each other.
For GLn, we have a globalization theorem of Harris [40] and Harris-Taylor [42],
more recently refined by Scholze [87] and Scholze-Shin [88]. These results, lead
towards proofs of the local Langlands correspondence, by globalizing supercuspidal
representations where there is a corresponding Galois representation. If we begin
with a supercuspidal representation π of GLn(F ), then there exists a number field
k, with a place v0 of k, and an automorphic representation Π of GLn(A) for which
there is a global n-dimensional ℓ-adic representation Σ on the Galois side, such that
Πv0
∼= π and Σv = Lloc(Πv),
at all places v of k, i.e., the representations correspond to each other via the local
Langlands correspondence for GLn.
The work of many mathematicians aims to establish a large class of Galois
representations which correspond to an automorphic representation under global
Langlands. We refer to the work of Clozel and Thorne, starting with [21], where
several basic definitions can be found. And, the awe-inspiring 10 author effort [1]
for potential automorphy.
Let l be an imaginary CM field with a totally real subfield k, where c ∈ Gal(l/k)
denotes conjugation. An automorphic representation Π of GLn(Al) is regular alge-
braic, conjugate self-dual, cuspidal (RACSDC), if for every place v of l such that
v | ∞, the archimedean Langlands correspondence leads to a sum of pairwise dis-
tinct algebraic characters (regular algebraicity); Πc ∼= Π˜ (conjugate self-dual); and,
Π is cuspidal. Similar notions are RAECSDC, for essentially conjugate self-dual
representations, and RAESDC, for essentially self-dual representations.
To summarize, such representations Π of GLn(Al) will have a corresponding
global Galois representation after semisimplification
Π←→ Σ,
such that
Σv = Lloc(Πv),
at every place v of k.
6.3. Function fields. The global field k in characteristic p, arises as the field of
functions of a smooth connected projective curve X over the finite field Fq. Each
closed point of X , gives a valuation v of k. With the e´tale topology, we obtain the
the Galois group of k from the fundamental group of X .
In the article [54], Katz shows that the morphism
Spec
(
Fq((t
−1))
)
→ Spec
(
Fq
[
t, t−1
])
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produces a functor{
finite ‘special’ e´tale
coverings of Spec
(
Fq
[
t, t−1
]) } −→ { finite e´tale coverings
of Spec
(
Fq((t
−1))
) } ,
which is in fact an equivalence of categories. Here, a finite ‘special’ e´tale cover is
one of the punctured disk at two places v0 and v∞, and is such that it is tame at v∞
and is unramifed for v /∈ {v0, v∞}. On the right hand side, we have the fundamental
group corresponding to the Galois group of F , which connects to the global Galois
group of k on the left hand side. If we begin with a local representation σ0 on the
right hand side, then the equivalence of categories proves the existence of a global
Galois representation Σ, whose properties we summarize in Lemma 6.6.
We observe that when working with the e´tale topology, we need to pass between
ℓ-adic and complex representations. For this, we fix a prime number ℓ, distinct
from p, and an algebraic closure Qℓ of the field Qℓ of ℓ-adic numbers. We do this
by fixing an isomorphism ι : Qℓ ≃ C.
Lemma 6.6. Let σ0 be an irreducible n-dimensional Weil-Deligne representation of
WF . Then, there is a rational function field k with a set of two places S = {v0, v∞},
kv0 ≃ F , and an irreducible continuous n-dimensional representation Σ of Wk such
that
(i) Σv0 ≃ σ0;
(ii) Σv is unramified for v /∈ S;
(iii) Σv∞ is tame.
The result with prescribed ramification is for rational function fields. For a
general function field, Katz proves that the representation can be globalized, yet
there are finitely many other places where ramification can occur. Remark 6.8 below
sketches a solution to the general problem with possibly one other tame place.
Now, working purely on the representation theoretic side, we obtain the corre-
sponding globalization theorem for representations of GLn in [47]. The argument
is generalized to a connected reductive group G in [32], but introduces possibly
finitely many tamely ramified places; it is refined in [74] to the following form.
Lemma 6.7. Let π be a supercuspidal representation of G(F ). There exists a set
of two places S = {v0, v∞}, kv0 ∼= F , and a cuspidal automorphic representation
Π = ⊗′vΠv of G(Ak) satisfying the following properties:
(i) Πv0
∼= π;
(ii) Πv has an Iwahori fixed vector for v /∈ S;
(iii) Πv∞ is a constituent of a tamely ramified principal series;
(iv) if π is generic, then Π is globally generic.
Remark 6.8. The global Langlands correspondence for G = GLn over a function
field k [62], tells us that the cuspidal automorphic representation Π of the previous
Theorem corresponds to a Galois representation Σ. Because Π and Σ correspond
to each other at every v, this extends Lemma 6.6 on the Galois side to any k.
7. Ramanujan Conjecture
For the group GLn, the character ν = |det(·)|, obtained by composing the de-
terminant with the absolute value, is defined for local and global fields.
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7.1. GLn. Let F be a non-archimedean local field. An admissible unitary represen-
tation π of GLn(F ) arises as a subquotient of a parabolically induced representation
(7.1) π →֒ Ind(δ0ν
r0 ⊗ · · · ⊗ δbν
rb),
where the δi’s are discrete series representations of GLni(F ), n = n0+ · · ·+nb, and
the Langlands parameters satisfy 0 ≤ r0 ≤ · · · ≤ rb.
Ramanujan Conjecture for GLn. Let Π be a cuspidal automorphic representa-
tion of GLn(Ak), then each local component Πv is tempered. If Πv is unramified,
temperedness implies that its Satake parameters satisfy
|αj,v|kv = 1, 1 ≤ j ≤ n.
Over function fields, it is a theorem of Drinfeld for n = 2 [28] and L. Lafforgue
for any n [62]. However, it is an open problem over number fields, even in the case
of GL2 and k = Q.
7.2. Ramanujan bounds. Given a cuspidal (unitary) automorphic representation
Π = ⊗′Πv of GLn(Ak), the Ramanujan Conjecture states that for every place v
of k, the representation Πv is isomorphic to a representation given by the form of
equation (7.1) with rb = 0; this exact bound is only known for a function field k.
A first bound that results from the study of L-functions for Rankin-Selberg
products is what is known as the “trival” bound of rb ≤ 1/2 [51]. For arbitrary n
and any number field, it is Luo, Rudnick and Sarnak who established in [75] the
bound
rb ≤
1
2
−
1
n2 + 1
.
It is interesting that this is still the best bound for general n, although breakthrough
results have been obtained for n ≤ 4.
There is the observation, made by Langlands that the automorphy of symmetric
powers implies the Ramanujan Conjecture. The following conjecture is a very
important open problem over number fields; it follows from the work of L. Lafforgue
over function fields.
Conjecture 7.1 (Automorphy of symmetric powers). Given a cuspidal automor-
phic representation Π of GLn(Ak), then the representation Sym
n(Π) is also auto-
morphic for every n.
The first breakthrough results in symmetric powers were obtained from the work
of Kim and Shahidi, who use the Langlands-Shahidi method and establish the
automorphy of symmetrice cube in [58], in addition to the Ramanujan bound of
1/9. Then, Kim carries their work further to establish symmetric fourth [56] and
with Sarnak [57], they have the current best bound towards Ramanujan when
k = Q, namely
rb ≤
7
64
.
Due to the presence or an infinite group of roots of unity in an arbitrary number
field k, the matching result for GL2(Ak) had to wait until the work of Blomer and
Brumley [8]. In addition to extending the Kim-Sarnak bound to arbitrary k, they
obtain the record bounds of rb ≤ 5/14 for n = 3 and rb ≤ 9/22 for n = 4.
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Blomer and Brumley, build on the result of Kim-Sarnak, using methods from
Analytic Number Theory to study the series
LS(s, π, Sym2) =
∑
a
λπ,Sym2(a)N (a)
−s,
where the sum ranges over ideals a ⊂ Ok with (a, S) = 1, and the λπ,Sym2(a)’s
are Fourier coefficients. They work with Deligne’s bounds for hyper-Kloosterman
sums to bound test functions and employ a Vonoroi summation formula with S-adic
computations.
Theorem 7.2. If L(s, π, Sym2) converges absolutely for ℜ(s) > 1, then
rb ≤
1
2
−
1
m+ 1
, for m =
n(n+ 1)
2
.
We make a note, due to their appearence in several important places, concerning
L(s, π, Sym2) and the more general L-functions L(s, π, Sym2 ⊠ χ).
7.3. On twisted symmetric and exterior square L-functions. In addition to
their appearance towards the Ramanujan bounds, twisted symmetric and exterior
square L-functions also play an important role in determining the image of functo-
riality. We make note that taking a trivial character suffices for the classical groups,
non-trivial χ make an appearance for GSpin groups.
Proposition 7.3. Let τ be a cuspidal (unitary) automorphic representation of
GLn(Ak) and χ a unitary Gro¨ßencharakter. Let r = Sym
2 or ∧2. Then L(s, τ, r⊠χ)
is holomorphic except for possible poles appearing at s = 0 or s = 1; it is non-
vanishing for ℜ(s) > 1.
Twisted symmetric and exterior square L-functions are available both via an
integral representation and the Langlands-Shahidi method. However, the proof
of this proposition was recently completed by Takeda [98, 99], who builds upon
results of Bump and Ginzburg [14], using an integral representation for the partial
L-functions LS(s, τ, Sym2 ⊠ χ). It is instructive to recall that non-vanishing is
obtained first for the Rankin-Selberg L-function. Indeed, Corollary 5.8 of [51]
states that L(s, τ × (τ · χ)), which is holomorphic and non-vanishing for ℜ(s) > 1.
We then use the relationship
L(s, τ × (τ · χ)) = L(s, τ, Sym2)L(s, τ,∧2).
This well known relationship is proved by a local-to-global argument, where we use
[90] over number fields and Lemma 6.7 over function fields.
We observe that exterior square L-functions were studied by Jacquet-Shalika,
who produce an integral representation in [52]. Furthermore, it is possible to show
that the integral representation approach and that of the Langlands-Shahidi method
are compatible. While Takeda’s result is for partial L-functions, at the remaining
possibly ramified places, local L-functions are non-zero and holomorphic for ℜ(s) >
1. To see this, we use the tempered L-function conjecture, proved in [43], which
gives holomorphy of local L-functions for ℜ(s) > 0 if π is tempered, then, Langlands
classification and the trivial Ramanujan bound rb ≤ 1/2 for GLn.
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7.4. Cases towards Ramanujan for GLn. The globalization techinques dis-
cussed in § 6.2, give cases where the Ramanujan Conjecture holds to be true.
There is work of Shin [94] and Caraiani [17]; the series of papers by Clozel-Thorne,
starting with [21], which have applications up to symmetric 8th powers; and, the
current 10 author work in progress [1].
Theorem 7.4. If Π is a cuspidal automorphic form of GLn(Ak) constructed as in
§ 6.2 and has corresponding Galois representation Σ of Wk. Then Π satisfies the
Ramanujan Conjecture.
7.5. G a reductive group. If G is a connected reductive group over a global
field k, then the Ramanujan conjecture no longer holds for all cuspidal automor-
phic representations π of G(Ak). Counterexamples were produced by Howe and
Piatetski-Shapiro for G = Sp4 and U3, via the θ-correspondence [48]. However, if
one adds the genericity condition, then it is expected to be true.
Generalized Ramanujan Conjecture. Let Π = ⊗′Πv be a globally generic cus-
pidal automorphic representation of G(Ak). Then each Πv is tempered. If Πv is
unramified, then its Satake parameters satisfy
|αj,v|kv = 1, 1 ≤ j ≤ n.
The globally generic lift from the classical groups to GLN provides us with a
way to establish new cases of the Generalized Ramanujan Conjecture over function
fields thanks to the exact Ramanujan bounds for GLN of L. Lafforgue. Over a
number field, we can import the best known bounds for GLN , discussed in the
previous section, to the classical groups [3, 22]. Over function fields, we have
the Ramanujan conjecture for the classical and unitary groups over funtion fields
[72, 74].
Theorem 7.5. Let G be either SO2n+1, Sp2n or SO2n defined over a function
field k. Then, a globally generic cuspidal automorphic representation Π of Gn(Ak),
satisfies the Ramanujan Conjecture.
For a general connected reductive group over a function field k, V. Lafforgue has
established a very important automorphic to Galois lift, associating a representation
Σ to a cuspidal automorphic representation Π ofG(Ak). This construction agrees at
every unramified place with the Satake parametrization. We also note recent work
of Sawin and Templier, who prove under certain conditions a general Ramanujan
conjecture over function fields [86].
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